
~t~at ~~~~~



~r-~-r ~~ . -

I

• :-
~;~. .~~~~

- . •

.~

..z
~ ~~~~~~~~~

~~IIo ,
~ -‘

~ 

~

~uIo 
~~~~ 

~~~~ - ~ 
s .~~~ •

,~ ~~~

~~~

‘

~

‘

.*~
. 

~~~~~~ 
9,

~ .4~~ —

- - . 
~~~- -— . : .

-

~ “

~f‘C 
~

9,.

,~~,, ~~~~~~~~~~~ 4. , . 
~~~~~~~

$

~~~~~~~~ ~~~~~?~~~~~~~~
‘ 

• 
. . ,

~

- .9 ~~~ . 
. 

~
, 

~~~~~ •.\
~~

_ 
‘ ,.

~~~
.‘C.’C • ~~~ ; . . -

• • ~ ~ •
~~~~- ,, ,u ~

~ <~ ;;, ~ ~ UCLA-ENG.7858
August~ 1978

LIZ POSCI UPPICI O~ SCIENTIFI C RESZ*ROI (USCJ
~‘OD~~ “ou~’ ~~~ NOTICE 0? TRANSMITTAL TO DDC

~~ “ ‘~~~~~“~ Thio t~ ohn1oa1 report ~~~ boon r vlswsd sad i~OF MODULAT IONAL INSTABILITIESappr0v0d to r pnbflu rel aas 1*11 LI! 110-12 (7b).
Distrtbu~to~ ~s UD11~ ItM.

~~~~:: ~~~~~~~~~~~
t:r”l” c h n i 1 n f . r u s t 1 e~ Off Is•r 

L.C. HIMME LL

>-

LU
=~

• - -  ~~~~~~~~ 
_ •9r~

___-~
_ - ______________________________

____  - .4



—~~~~~

F / 

ua~-~i 7858
August 1978

1cVE ~~~JPLING OF P’WULATIa’IAL INSTABILITIES

Lewis C. Ri~~11
School of Engineering and Applied Science

University of California
Los Angeles, California 90024

This~~crk~~ as stçported by the
U.S. Air Force Office of Scientific Research

w~~er Grant lb. AI~~~-74-2662

7j 03
— ~

.— -- ________________________

— p.

-.~~~ — 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ —



____________

- .

SI CUNIIV CL. AS$IPI CATt ON OP 1s41$ PAGE (Wt~w D... £n(I,.d)

D~~~~~b? rlaU t I&& CuYAT,r~U D A1~~~ 
READ TRUCIIUII

— 
~~~~~~~~~ ~~~~~~~~~~~ “ ‘ ‘u” ‘~ BEPORE CO~~ t.ET1Il0 PORM

/~~ ....~~ t*fl N . GOVT ACC ESSION NO 3. ~ ECIPlCMT S CATA ~ OS NUNOER

(1_~1F0SR ._79-136i7f 
_ _ _ _ _ _ _ _ _4. ITI.E ( W  SoS Ws) ç~¼j ’PE DP• fl~~~U T  i. rimos osw,t e

~~~~~~~~ ~~WE~~~~~WLD1~ OF ~WflATh~~1AL INSTABILITIES ‘ Zfin~~rim ~ it~~~~~~~~’j  (
_________________________________________________ ~~~~~~~ it NUMU IN

S. A$JtNOi(I) U. NUMR CN(.)

!~ ~I~~E’ ~~A~~~~~~74- 266~f
ê. PENP ONM ING O R GAN IZ A TI ON NAMI AND AOON(U ID. PNOGNAM ELEMENT. PROJEC T. T ASK

university of California .— 
AR EA S WORK UNIT NUMSE RS

School of Engineering ~ Applied Science “ ,~3Of ’~~ 4//~~FLos Angeles, C~ 90024
I I .  CONTNOU.ING OPPI CE NAME AND ADDRESS IL f~~~RT flATI

A.~~SR - Boiling Air Force Base/,il~” (2~ ~1~IIbP~ L~ 
(“

Washington, DC 20332 21. + references
‘4. MON ITO R ING AGENC y NAME S AOONEU(SI ~~ff~~~i1 D~~ C erWIM OilSc.) II. SECURIT Y CI.AU. (of *t.

~• 
. 1 5 ,  OICI. A$$IPIC ATI ON I DOWN GR ADING

SCH EDULE

~~~ ~~ST NISUTION SI ATINE NI (of thlo

Approved for Public Release; Distribution Unlimited

17. oI$TRISI JTID N STATEMEN T (.5 N,. aj~.joc* .uW.rSd Jo II..k 20, ft ~~fJor.ot b~~

a, $UPP~.EMENTANY NOTES

TO. KEY DOUSE ( C S ~~u* ...... .d~~ IS .~~~~~~~ 
N I~~~Mfr Sp WOOD

nonlinear evolution of paraimtric decay - - electromagnetic/electrostatic
i~

ves - - depletion -- aperiodic oscillations in a homogeneous plasii~ - -
modu.latioual modes

1 ~i~
’
~~~~e~

’ .~~bIi~ nonlinear evolution asso-
d ated with the psr tric decay of an intense , coherent electrumagnetic
~~ve into an electrostatic i~ve, its second haimonic, and scattered electro-
i*gnetic ~~ves in a homogeneous p1a~~~. The effects of p~~ depletion are
neglected and it is assi.aed tint all i~ves are coherent. 1~~ classes of
solutions are found. (~e class is explosively imstable , while the other
consists of gr~dng aperiodic oscillations . The evolution of modulational
modes is discussed. ~

DO ~~~~ 1473 IGI11ON O~~~MSV SIi OUSSI.E?* ~ C.ASSIFIED
L Iucumrt’ cLASTOPICAT1OM OP ThiS PAUl (~~~~ O~~. ~~ i 

•

_
~ .i _ 

_—‘-- —- ~~ - - -  ______



. . -~~~~~~~~--~~~~•. .-- .. -.

I. x~r~~ jc’rxa~ . . . . . . . . . . . . . . . . . . . . . . . i

II. G~~~ AL R~~4ALI9~( . . . . . . . . . . . . . . . . . . . . 2

III . A11~LYSIS . . . . . . . . . . . . . . . . . . . . . . . .  . 8

IV. SCATI’ERDIG OFF ?.~~~ JLATICWL I’EDES . . . . . . . . . . . . 11

V. DISQ~ SI~ 1 . . . . . . . . . . . . . . . . . . . . . . . . 15

APP~~~IX . . . . . . . . . . . . . . . . . . . . . . . . . 16

~~~~~~~~~ 
. . 22

I

Buti SI~~ °” ~~ 

, ,

____  • 

•

~~~~~ ~~ ~~~~~~~~~~ ~~~~~~~ ._~~ -~~~~~~~~~ — .  • -



~~~~ACT

A general for~~1icm is developed to describe the nonlinear evolution
associated with the parametric decay of an intense , coherent electrcnsgnetic

• . wave into an electrostatic wave, its second harmonic, and scattered electro-
,~~ tic waves in a I~~ogeneous plasma. The effects of r*~

, depletion are
• nsgl.cted ~~~ it is ass* d that all waves are coherent. Tia classes of

solutions are f~xiid. ~~ class is explosively tuistable, while the other con-
sists of gz~mving aperiodic oscillations. The evolution of modulational modes
is discussed.
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I. INT~~ IErIa~
The parametric decay of an Intense, e1ectr~~ gnetic wave into electro-

static waves and scattered electr~imgnetic waves In fully ionized p1~~—’
has been studied extensively.’~” These studies have wide applications

to laser fusion experiments, interactions of pulsar radiation with a ~~~~~~
iomospheric modification experi~~nts, etc. There is still considerable in-
terest in the nonlinear evolutionary properties of these waves since they
ulti tely determine the 1~~ortance of a particular process to an experi-
ment. It is also wall k~~wn that certain nonlinearities ccapletely change

the natw~e of a particular mode ; e.g., they may lead to explosive instabil-

• ities.

In this study, wa *ir~~ in some nonlinear properties associated with

the p.r~~ tric decay of an intense, coherent, electr ~aagnetic wave into

an electrostatic wave, its second harmonic and scattered electr xmgnetic
waves in a homogeneous p12~ime. For the case of scattering off ion acoustic

waves, the mode co~~ling processes of umny harmonics ulst generally be con-
sidered. Nonetheless, there are cases in which a modulational mode and

only one harmonic can e~d.st and it is situations of this kind that wa con-

sider.

~~ find that general conditions e~d.st for which explosive instabilities

result, uixi that this phMw Inon y occ~ after about a linear e-folding

tiam.

I
_ _ _ _  _ _  _ _ _ _ _ _  
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II. G~~~~AL R~ 4ALI~4

Consider the propagation of a large-~~ litude, linearly polarized ,

coherent electromagnetic p~m~ wave,

• 2 
~ 

cos (~, 
•
~~ 

- w0t) ~ (1)

in a ~~~geneous plasma. In the absence of da~~ing, the pair (w0,k0) satis-
fies the usual dispersion relation,

(2)

provided that the electron quiver velocity 
~~ 

- (-~~“~~
) is non-relativ-

istic. ‘~~~‘~

~~ consider the case in which the pu~ wave excites a low-frequency

modulational mode (ta ,k) ~~ its harmonic (2~,2k) , as wall as the t~~
lowest-order high-frequency sidebsads ,

associated with each wave. The effects of
p~~ depletion are neglected and it is asstined that all waves are coherent .

It is s~~at below that , i~mder these conditions, if the t~~ modes satisfy
certain guieral prop.rti.s, an explosive Instability results and the waves

become unb~~~~d In finite dam.

First , wa calculate the perturbed cwrent densities, since they are the

s~uc.s that det ins the ‘~~lip.ar evolution of the waves • In first order,

they are as fol1~ is:

~~(l) 
• 

~~~ ~k e ~~’~~ 
• 

. 

(3a)

- ~~~~~ (P~~~ (k ,i~) + ~~ k ,~)] , (9)

- • L~- ~ 
•
. -

~ 1
.
~
.
~ ~~~~~~~~~~~~~~~~~~~

- — ~~~~ ~~~~~~~ ~~~~~~~~~~~~~~~~ .~~~~~~~~ .. .  ~~~~~ .~~—.



~Fd~re c~~- i,~ 2/4ww~ is the linear plasma conductivity at frequencies w~

X(~~~) (w 2
~4(nk2) J d~k . vvf

o/
(w-~

.;) is the linear susceptibility,

and

~~~~~~~~~~~~~~~~~~~~ (4)

t .  
_ _ _  

_ _ _is the linear field , including the pomiercentive contribution, governing the

motion of the electrons at frequency w.

In sec~~ order, the Vlasov equations for the perturbed electron density

distributions take the fora

-i (w-~. )42) - 
e 
[

(2) 
~~~~ 

~ ~2k ~ vf~k + 1’_k ’vVf2k] 
- 0 , (Sa)

~2i ~~~~~~~~~~ - !. [~
) •~~f0 + 

~k ~ V~k] 
- ~ (5b)

- ~{~o~ v~
2) +

+ ~~ •~~(f(l)*) + 
~2±~~v~~k~ 

+ 
~-k~~~~2± + ~~~.7 f ]  . , (Sc)

- ~.) f ~2) 
- 

~~~~~~~~~~~ 
+

• + ~~.v~~~)] 
_ (Sd)

p(2) 
~~~~~~ ~~~~~~~~~ + ~~

+
* •;+] (

~~
)

~~~~~~~~ ~.~~~+ •& (ôb)

-~~~~~~~~~ ~~~~~~~•- • - • - _



are the fiel ds that determine the second-order electron dynamics. 16 The
second-order, perturbed current densities are due to the electron motion.
They can be red~~ed to the following :

~(?) - - 
ew j42) (7a)

~~(Z) _ - ew ~~~2) (Th)

3
(2) _ ~ e

2i {i ~~2) 
+ 1~±n.~

1)* + ~~~* n~~~)] (7c)

± !.~..  [!~~~~2 + ~~~~l)] (7d)

where

• 

,- ~$l) - Xe O(,~~Pk , (8a)

• ~~2) 
— 

1k [Xe ~~w)p~
2
~ + ~~~ [~~~~Xe Ck ,w)] p

2kp
k*] (8~)

~~~2) 
~~~

_
~~[xe (k,w)P~~

2
~ ~~~~~{~~~.x ~ oc,w ] Pk2] (8c)

are the perturbed densities corresponding to (cg,k) and (2t~ , 2k) in lowest order .*
1,~ Pxzrier transformed wave equations for Ek and take the form:

- 
~~(l+xj~k,wDEk - w x e~k ,w)Pk + 4iriwj~

2
~ (9)

- - o~e~”~~k + 4vi ’~
2
~ (10)

— ((k~c)2 - - c~~~ c2 (U)

ass. ~~~~~1z.

a -

- ~~~~~~ • :- •
.- •_. . ~~~~~~~~~~~~~~ 

• 
-
• 

•• ••- • - - -

— 
r~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —~~~~

____ ____ •~±~_~~~ • ~~~~~~



5

is the linear dielectric constant corresponding to (w~ ,k~~) and ~ demotes

the ueit dyadic. The equations for E~~ and 
~2± are similar.

Next, the term Involving 
~k is eliminated from Eqs . (9-10) by using

- L * ~~~~~• (4) . Solving for 
~ k 

, wa obtain

I
- - - 

. 

~~w k)P — - ~11 ~~
2) 

+ ~~2. . [~~~-1.j C2) + w_~:1.,~2)]4wc1+x~cI~,w)) , (12)

- ~~ re

— l+x~~(k~ w) + 

~~~~~~ 
- k 0

. ~4 1~ M~~ ) .i~ &~~oc,w (l+xi(k ,w)) (1 3)

is the modified linear dielectric constant in the prese nce of 
~~ 

and

1 ~~ ~~~~c2 1
- 

I with 

- - , (l4a)

— 
~~±

c)2 - w 2e . (14b)

Using this expression for 
~k Eq s.(9-lO) redts e to the following:

A(w,k)Ek — J( w~k)/(l+X~(k ,w)) , (iSa)

• A(w,k)~~ — - 
~~
-‘.; k~.i0 J( w,k) , (lSb)

i1thsre
J(w,k) — ~~(k,w)4wi [ ~~ • 

~~
° •(W.M

1.j$2)+ w M ~~.~J (2))(1.x~(k ,w) )] (16)

with sim4l~.r ai~p~’s~sj~~~ for E~~ ~~ . Since

A(w,k) — 0 (17)

is the linear dispersion relation, t.rme pr~~orticma1 to A(w,k) hay.’ been neglected

on the right side of ~~s.(lSa-1Sb) • 

_ _ _  _ _ _  

I
—I~~ ~~~~~~ — - _— ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~_~~~••~ ~~~~~—• —•~~— -_ -— -



V - - --
~

-- — --- — ----

~

-- - —  - •  — ------- -- - - ---—-------

6-
~~~~~ to linear instability and nonlinear coupling, the waves Ek,E2k, .. .  etc.

will vary on a time scale roughly of the order of a linear e-folding dam. The

evolutionary equations for the wave aeplitudes, obtained in the usual way, are

as foflows :t

* (~ 
- yCk) ) [1’  

] 
- -n —— arp(-i(w,~(2k) -2w,~Ck))t]

*

1 1
~ 

J (w k) I
(I+~~(w,k)J I 4 +L ~~ 

V0 ikw (1+~.(k ,w)) (18a)

~~~ .f (2k))
[

~~~] — 1 arp(_ i (2w~
(k) -wR (2k))t 1 -

WR (2k)

1

* 2~ ,2w))
- M2~•v0i2kw0(1+x1(2k ,2w)) (l8b)

where w~ - Real (w) and the fields are ass*.mmd to be independent of

position. ‘~

tNote that B~~~. (1*) *r’~ be modified for stiimil~ted Brillouin scattering , since

in that case,

A (w + f. ~~ ,k) • a(w ,k) + i ~~ . ~~~~A(w ,k) + • . .

does not converge for (a/at )PX < < u ~Pk .  This is because t4:’~~ 1/ cw-~~ .ir j

and w - &i~ e kC~ for ion acoustic modes, so that ~aonot be expanded In

a Taylor series abont w

- _~- —  —•_ -_ _-_-_ —- -----_ - - — - - _--—~ ~~~~~~-~~~• -
~~-- --_-- .____1~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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7

Using a linearized version of Eq. (10) , J(w,k) and J(2w ,2k) can be
reduced to a term propOrtional to 

~2k~k and 
~k respectively , where the

proportionality constant is in general coeplex. Eqs. (18a) , (18b) can then
be transfonimd , using Eq. (4) , into a pair of equations involving 

~k and
1’2k only, which take the form

- - C1P2kPk • (19)

(~~
. - — C

2P
k

2 
, (20)

respectively, where

C1 ( a s) Xe O~
4)) ‘ a

wR(k)

c2 -

~~~~ 

~ ________ , (21b)

~~~

5 - J(w,k)/P~~Pk* , (21c)

- J(
~~~2k)/Pk

2 
, CUd) 

- •

the 1l frequency =iv!~tches have been neglected , and terme involving
• . ~~~~~~~ ~~~ ~~te eliminated by using the linear dispersion relation,

Eq.(17) .

A solution to Eqs.(19) ,(20) is sufficient to determine the ii nlinear
evolution of all wave aap1it~zIes, provided that ~~~rv~ late Initial conditions
are given. ~• They apply to all psr~~~tric processes for which both t (w,k) • 0
and £(2~,2k ) .0 .

‘ _ _ _ _ _
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III. ANALYSIS

• We ~~~ examine the properties of Eqs . (19) , (20) . Fir st , we transform

tha n into a dismnsionless polar form. Setting ~r - yt , ~~~ (I c1c2 ~
] 

~~~~~ ~
ai~i A~~- c1P~~/y , we obtain

(~~~.
_ l)Ak

_ A ~~Ak
* , (22)

- V)A2~~ e
1*~~2 (23)

~~~re * - arg(c1c2) and ~ - y (2k)/y (k) . In the polar representation ,

Ak~ ake *k , A~~— a~ e~~2k , Eqs.(22) , (23) take the form

— a~~(l + a~~co. $) , (24)

— + ~~
2
~~8(,1) , (25)

1~ 2

• a sin (*-$) - 2a~~sin $ , (26)

where •— $ ~~- 2*~ . Finally, setting x_ a k
2e 2T 

, y_ a 2ke~~’t , Eqs . (24)

through (26) reduce to the following :

~.x 2xy ao. $J ~ , (27)

• x ooe($_*)e(2
~~

)t , (28)

y ~~~. — e (Zl)t (x .in (~-$) - ~~2e~2(l~V)T ein$~ , (29)

—

--- - - ---— — -~~—-~——~ ~~ • .  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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which iaçly
d 

•~~ ~ — ~~~~(2-i)t~~~ * . (30)

~~s.(27) -(29) are m,w i n a co nvnient forn to be analyzed. There are two

general cases of solutions depending upon the sign of 008 *

(i) s o . * > O :

We divide • space into f~ n regions. For * In QLmdrant I ,

• let c - {$ : O ~~~~~<$ }  and c . {* : * c • < w }  , whiie for * in~~jadran t 1V,

set C — { $ :$ <~~~ < O }  and c - {* : 0< *< *.i r } . Let c — c + i v and

c* _ c + i r  . According to Eq.(29) , ,gn(d$/dr ) - ± l  for
which isplies that , if • c c~ u c , than • changes momotonically nttil it

enters c , where it is trapped.

For • c c  , according to Eqs.(27) ,(28) , x and y increase. A lower
• boi~~~for (x,y) is obtained from a solution to 

-

~cy ooa * , (31)

x oo. * , (32)

• provided that ~ ~ 2. This corresponds to the modulational modes discussed below.

• The general solution to Eqs.(31),(32) is as follows :

(M ’1’2tan[A+ tan ’(y~/M 1’2)] for M >  0

y(t) 
~~~~~ 1 

(33)

Ji’oo ah A -I M I stflhA I I M I ,’2 for M < 0 ,
~JjMI hoo.h A~~~y~.inh A J

? 4 - x - y2 (34)

is a constant of th.motion, ~~~ IMI~” (T-T’)ao. * , a n dt h e pr i r.fers to

to an Initial value corresponding to the time at which • enters c

•~. • •~ • -~ • . _~ :_ •• . i~•~ -

— — - ——-- — ——-- — ——--- •_____ ••_~i — -~~~~—-.-‘-~ ~~~~
‘ 

~~~~~~~~~~~
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Accordingto Eqs.(33),(34), x w~ y bec~~~ti~bounded when

[w/2 - t s ’(y’/M”-’)}’M’1’oo. * for M>  0 ,

- t ’ • — r ~~.. 
(35)

— —  ~~~~ ‘~~~~ I f o r M c O  ,• 2~M I Y2oo.* Ly ” IM I h J

this providing a conservative est1z~ te of the time at which x and y become

infinite. For • c c * , d$/dr can have either sign.

(ii) o o . *< 0 :

In this case, let c— {~:0 c $ c ~~},  c— {$:~~cip c ,r},

c — c + ~~., and c — c + w  for *ln Quadrant ll, and let c— {* :*<*<0} ,

c— (*:0 c*<*i’w } , c~— c + i r  and c’- c + i i  for * In (~mdrant III.
In general, for • c c u c’ , • d~anges ~~~tanically as before imtil it

• enters c , where it is “tia~~ed”, and in general oscillates.

The pair (x,y) , I~~ ver, any become explosively imstable. Assuse for

deflniteness that * is In~~iadrant II. Ithen * - w / 2< *< i r / 2 , x and
y both increasewith tiam. Consider the region *-i< .<6 for some •, such that
•-w/2 <~~ < ir/ 2 . A lmer bound for (x(r) ,y(t)) is obtaired fromasolution
to the equations

X 2X)r~ oi~~ , (36)

~~~y—  X OOS $ , (37)

which is described by Eqs .(33)-(35) , if * is replaced by ~ . The pair
(x,y) therefore became explosively ~.mstable if • Team-m a In this region
foratiuseq~a1to r• as given by Sq.(35) .

If • ( o ) c c * , d4/th can have either sign. 

~- • •
_ 

• -•• •• •—— . .
~
. . • • •~- • - • - • •

• • 
• , ~~~~~~~~~~~~ ~~~~~ • - A ~~~~~~~~~~~~~~~~~~~~~~~ . . ,•  •- i  — ~~~~~ — .- _ -•~~~~~-—- • . • ~~— •-- .  —_
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lv. SCATIBDIG OFF tCWLAflCI4AL ?4])ES

t4odulational modes are characterized by very long wavelengths, kcck0
They resonate with both Stokes and anti-Stokes waves and are such that

~.1, - o .  In this case, w t ’ ~g~~~where g
_ (

~dc2/wO) ~~~~~~~~~~~~~~~~~~

velocity of the p~~~.

In the limit kc’k0 , wcckc , the dielectric constant reduces to

v262
— 1 + + x~ + 2x.(l+x~)( °

~~ )[( k~~~~j ) 2  2] 
(38) 

V

where 6 - (kc) 2/2ma0 •
~~~~~ , the collisional daaping rate of the free

electromagnetic wave, has been added.

We consider the following case:1’2

) 

1) kvj< cwlcckve 62<<(~i4i;g
)2

r<<Im (w) , (~~D
)2 <<l , (w1 a wp /~’1+(kA& . V

Modes exist with frequencies
key

w (k) - ....~~L ~ ~~/(k•Vg
)2 - 4/2 (v0/c)6w~1 

(39)

which becam ia,stable for ai~ £ / Tf6 wp~ . Since w ~ k , (~~,2k) is also

a mod. ~~~~~ y (Zk) • 2y (k) . ~~~rafors, the frequm~ y mi tch w(Zk) - w(k)

In Bqs.(l8) is ~actly equal to zero . In this regime, x O w ) *(kA&
2 (l+ivc(w/kve),

x~(k~w) z - (w~~2/u 2) , and we find that

~~~. — 2(~
’
~~~~) [l - (6/Wj )2] .(i )

_2
/,~)[R

V~..+ ZF/w]. (40) 

- ~.: _____ ~~~~~~~~~ ~~~~~~~~ ________ __________________
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Next, we calculate J = J(W ,JC) and ‘~2~ 
J(~ ,2k) . Ass~~ ng that

- ~2k ~k , we fix~ that ~ -± e~lL~~2) 
, ~~~~~~~~~~ ~~~~~~~~~~~ 

~~

~ e neglected. Also,

(2) _Jk_ x ~ (2)
- 

~1C 4~e e k

- if tim sscond termn in Eq.(8b) , which is of the order
I

~~~~~ 
~~~~~~/ ~~~~~~~~ /

is neglected. Finally, ca~aring the two t~ ms on the right-hand side of Eq. (16),
we find that the eec~~1 t~ m is of order 

V

(
k

)2(~
!o)2 <<

of the first and can therefore also be discarded. Since these results also apply
to J 2 , Eq. (16) can be redu ced to the following:

• 
j~~ (kV0)2 11 * p (‘4la)

• ‘ 2 = 3~~~2 
(ky0)2 

~~~~~~~ 

P3~
2 . (~~b)

sd~~e is to be evaluated at (w,k) . ~~~ coupling coefficients take the f~~~

= — 1(~~)(~cv0)a 2r/ .)]

= .(
~~)(kVo)a + j~~~(vc

3~~ — +  P1w)] . (‘4Th )

• ~~~ch ieplis ~ mt

~~~~~ ~~ --~ . • - :~~~. .  V~~~’ 
V~~~ ’ ’ fl~~~~~~~~~ V ’

- ‘ 
. . ._ .~~~ ~~~~~~~~~~~~ . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ —~~~-— V
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(2w~2/w2)2 (1- (4/Wj) 
2) (1-4 (6/wi) 2) > T(WkVe)2 (43)

for an ~q losive instability, idmre P1w was neglected ccepared to w/k~r~

~~~~, since : wj2/w2 
. Eq. (43) is a condition which can be readily

satisfied.

The strength of the ~~ l1nearity can be assessed by calculating the
• initial value (x(o),y(o)). Accord ing to the definition

x(o) • ~c1c2 P~’r 
2

1 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

Pk r ’~~r E o2

~
‘ 

~~~~~~~~~~ 
U )  X~

2 (l_ (6/w~)2) (l_4 (6/~ )2) ~:j ri ~
where the i ginery parts of c1 and c2 have been neglected as a rough

appro~~~ tion. According to Eqs . (10), (14a) ,

I - 
Ip

k
/:j

2 (kY ~~ )_2

Since y/w’ccl , ~~2 ~~~~ In Eq . (39) so that

(u~’wj) ~~Cd6) 
2~~

Eq. (44) t~~ takes the Lam

x(o) 
~~
. (_~.)*

f~~)s(~)hIg,E Ial(1.(6/wi)ax14(6/,iI)i)a) (45)

which Ifld lVi ~~ItSS that the ~~~lIneerity is stromg . If , as an .i~~.le, we take

(4/w~)2 _ 4  . . (Wmii~) 1 — S  .

~ ~~~~~ ~~~
. 

- - •~~~ ‘ 

V -
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then,for an initial p.rturbaticn, IEJ E0 I :2x 10 ~ ,we find that x(o)~~ 1

y(o) lIc11c2 1 .3 , and ,p -19° . Assuning that y~ — y (o) In Eq.(35),

we find that M - x(o) - yZ (O) ~ .9 and that the explosive Instability occtws

at a tium~~t ,— l.4 linear e-folding tlmes. Since (6/w)2 <c l is required

for these modes, we i~te that har~~iics higher than the second do i~~t satisfy

the linear dispersion relation and so need i~~t be Included In the calculation.

___________- — - V ‘~~ ‘ V V ______________________________________ -

— —

- V ~~~~ • V 
VV ~~~~~~~~~~~~~~~ ’~~ - ‘~~~~~~ •~ ‘ V ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ 
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V. DISQJSSIC~(

We have obtsined a general formelime describing the z~inlinear evolution

of the system (k,w) , (k~,w~), (2k,2w), (k2~,w~~) associated with the para-

metric decay of an intense , coherent electroumgnetic wave. This system was

reduced to an equivalent ~~-wave system consisting of the wave fields that

determine the first-order electzw dynamics, 
~k and . The evoluti~~ ry

V • equations then ass~~ d a st~~4*vd form for wave-wave Interactions with cc~~lex

c~~ ling coefficients .

Th. polar angle ,~~ ~ ‘g(c1c~) determines the essential behavior of

the system. In general, the system oscillates In a “trapped region” of •
space. If ~ lies In the right-half plane, x and y can increase sj~g-
taneously —

~~ an explosive instability occurs.

We then applied ~ n results to a modulational mode and foimd that it

can bec~~~ explosively tmstable within a time of the order of a linear e-

folding time. These modes, therefore , can grow to an appreciable size of

the pm~ (or perhaps of any other modes that can saturate them) within this

time.

L ______________________________________________________________________ —
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APP~ 1)fl - Second Order Perturbed Qn rints ~~ Densit ies

First, we calculate ~~2) Accord ing to Eq .(Se) ,

• 
j  

- ~~2) — — J dv 
{~

(2) .v f  + sVvf .k + ~_k •Vvf~~] 
(A.].)

V 
where w is real and 6 • 0’ is the prescription for Integrating around the singu-

larity at ~~~- w .  The first ter m on the right-hand side of Eq . (A.l) is just

—(s/mi) (n0k2/w 2) (~~2) /k)~ (k ,w) . 1~~ second tern can be reduced as follows :

I p • V f  • — P  k ’ 
k

~ (w—~ ’ +j6) 2k v —k 2k J (w~~. +i6)2

— ~~~ 
i.e f dv k V f

— 2k —k J (w—~4+i6)2 (-w+~. +i6)

• _ p  p i!_L 1d v~~•V f  1
2 kk .  2i6 J  V O

+ r i + 1

~~~L(~~~ +i6) (-w~~4~i6) J~

•_
~~~~P .k~~~~

2
~~~~fr {_~~~~x(k , lIp4.i6) +th (x(k,w4 i6) — X(—k,.ti*i6)]} (A.2)

Sic. xCk , ü) is analytic In the ~~ er half ~~~~~~ ~ plane, x and

its derivatives can be cont~~ued analytically dowa to the real w axis.
We find that

+ J ~~~~~~~~~~ ~2k~,~-k - ~2k~-k 
a k 2 

4 ~jr X(k ,W) . (1.3)

- - 
—_____ • V .V _V__V_ V .V _V  —

~~~~~~~~~~~~~~~~ ~~~~ 
• • V ‘ V • • V ~~~~~~

h.V~VV_ - —— -~~ ..~ — 4~~~~~~~~~ 6VI - 
— ~~~ -• .V~~~~~~~~~~~~~~~~~~~~~ tV~~ V ~~ —-~-- ~~~~~~~~~~~~ _~~~~~~_ —
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Similarly,

dv dvf’V f

J (~u-~4+i6) “-i~’ ‘v~zit - ~k”2k J
_ _  

i n k 2
• ~~~~~~~~k”-kr ~~~z- r~~~r x( k ,w) (A.4)

Eq.(A.1) therefore reduces to Eq.(8b). Eq.(8c) is obtained In a similar way.

Next, we ~~~~~~ 4iii~ ~(2) • According t~~~ Eq.(Sa),

- 

~~~ J (o~4.+id) 
(p~~2) 

~.V ,f + 

~2k ~~~Vf~k ~ 
1’-k k~

Vvf2k1

- s k T  J dY . 1  ~~i6] [p(Z)ç.,f + k~~ vf _k 4I ’~k~~Vvf&

~~~~~~~ ~~2) 
(A.S)

i~~ current density j~~2) is reduced in a similar ~~~~r.
• m. si~e-~~~ ~~~~~~ ticns are more arduous to obtain;

~~~ver, since the system is nen-relativistic, each Integral is easy to evalu-
ate . It is necessary to have expressions for the linear perturbed electron

) density dbtri1~ations . lb. Hii~sr Vlasov e~aticns are

- j~ 040.)f ~~ ) _ 
~~~~~~~~~~ 

- o , (A.6)

- “~±-
~± “~)c - ~ • ~~~~~~~ . !~ j fk ) — 0 (A l)

- 

~~~~~~~~~~ 
- 
I ~k’Yo - 0 , 

V 

(A.8)

I - with 54~ 41pP ~~~rS35i~~$ for 
~2k ‘

V — - r~~-

-
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lb. sideband

~~~ (2) 
- 

~~ J (w 1 4+i6) ~~O ’V~k + ~~~~~~ +

* 

- 

+ + I k VVf~1? ‘ &k±k~~v~2k] , (A.9)

The first term

2 ~ •t— I “ 
~ 

ç~ ft ’)]
J (w~-~~4~+i6) 0 V k

- —-I dv i  ~o 
+ 0

a]. J L(u~-l~4+i6) (~~~.~~~4.j6)2 j  k

~ ~~~ 2) 
(A.10)

In l~~ st order.
In gunersl , k 5 Zk , so that only the firs t terminsq.(A.lo) is significant.

V Gbbalat4oni~1 modes, In fact , have the property that ~~~~~ 0 .)

According to Eq . (A.6) , fk
W is praporticnsl to . This ii~ 1ies

that the second term is, In fact , a contribition to which we find to be

~~~~ bY a factor ( (~1,
2)/(w0

2) ](1/;). 1b. third term,

.* 1 4 V V I,J~
.V
Vf~~ k 

_ _ _ _ _  ~~~~~~ 1 (1)

~ J ~ø~-~~
. ”id) 

- 

~~ J LO~±-1±4) C . ~~, J ~~k±k0

•~ 1IJ ‘2k — + 

• 

~~~~ 1 ~ 1~:4~ 
.v~f0~ Ip sVvf k &k vVck.

~ L~*~~±
v
~

1
~j6) (j~~,~5. i i 4)2J  m L

- j
~?{21

~~~*
I-~~0% + 

~~~~~ 
+ ( k .~~~)( !~~~~% ~ ~o’~-k)J (A.1l)

In Ia.sst order.

~~~~~ :~~-~ . 
~~~~

__________________________________ V . V
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Ihe f~~ th term

~ (1) r ~~
- 4 -7

dv 
“ 

~2±~~~~-k 
- - 

e2 dy1 ~2± 
+ ±c± 1f (l)

(w~ ~~~~~~ 
4i-j.~) 

~~~ ~ ~~~ 
-t.,. 4+isSj (w~-~~ • +i6) 2j -k

— - 
Iia&~ ~2± (A.,12)

In the l~~~st order . The fifth term

t E . V f W , r ~!r I d v  k V 2 ±  
“~~~~~~~ dv i

• 
+ 

v k ±
sc k

~ 1~ J (w~4~4.i6) 
[~+-~~

.+i6

~ 
i.e [‘2±~ vfo + 

~~~~~~~~~ ~~~~~~~~~~~~ J(wa- ~2~~v i6)

- 
e3 I dv ~ f~±cw2±-~2±.;.i6 +

f 
~~ j -k~ 

~~~~~~~~~~ 
. 4j 6) 2 

~ 2~~1t2~ . +j ,5)2

+ ~ ±~~-kU

- 

(w~ -k~ ‘v+i6)2 (w~~-k~~.v+i6)

+ vttt &k) [2~i (w~~-f~~ +i6)+k 2± (w±..~~ +i6 )]
(~~4~’v+i6) (w~~

_ç
~ .v4 l6)2

x + ~~~f ]

• ~2~~r ~~~~~~~~~~~~~~~~~~~~ (~~~n .~~p~~]

(A,l3)

V ~~~~~~~~~ 
- 

-

V . V V V P  ) V V  V f  
— ,

A
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The last term

£ J dv k±k0 vzk 
- 

~~ J dv

e2n2k.. - - aiu3~ &k±k0 ‘ (A.l4) V

in the lowest order .

In gm~ ral, the third and fifth ten s are smeller , by at least an
order of gnitude, than the other terms and will be neglected . Eq. (A.9)

therefore reduces to the following:

— 
~~~ [

~~2) 
~~ 

+ ~~~~~~ ‘~
± 

+ ~~~~~) 

~~~k±k
] 

• (A.15)

Finally, we examine ~~~~~) . According to Eq. (Sd)

• 
~~ J dv 

(w2~-ç~. .i6) [!O~~V~~i~ 
+

V + ~~f~~) 
+ 

~± ‘v~~
’
~J . (A.16)

The first term on the right-hand side of Eq. (A.l6) ,

•2 f V 1O~ V~2k •2 
~ ~o 1 (2)

~~~

. 

j 
dv 

(i~a~~42 4’i6) 
- 

~~ J [(w~~-~~~ . i-i6) (w
2

~~..ç~~. +j(s)2 j ~~ic

I (A.17)

_ _ _ _  _ _ _  

:V .~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~ 
-_ _ _ _ _

I__V ~~~~~~~~~~ — — _V._V - V_V - VVV ~~~ V ~~~~~~~~~ —~ ~~~~~~~~~ ~~~~~~~~~ — _
~~~~ — Ad
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VV ~~~~ • 

2l~

___ 
-

In the 1~~~st order. ~~ sec~~ term is a smell contri~~tion to

f lb. third tera

!~ I dv ~~~~~~~~ - + 
~~3 I dvi ~~ + ~~~~~~~~ I

a] J ~~~~~~~~~~~ 
(Ifll) 2 

~ L~ ±-
~2±i

~
-i6 c~

_
~2~& s.i6)2j

!.v f + +

V 

m~w 3 
~~~~~~~~~ 

+ z ± I ~~~~~±~o~ 
1o’~k~

(A.18)

and the fourth term

~~2 f ~ ~~~~~ Ca I I ~± ~ 2±~~±~~ 1 Ci~• 

~~~

. 

j 
dv 

c~~-;.;+i6) 
— - 

flU. J dVL(~~±
..t

2±
. + io) 

+ 

(w2+_c+4+i6)2j ~k

~
a (1)

— - 

mi~~ ~± (A.19)

In l~~~st ord.r. As In the analysis of r~
2
~ , we find that the third term

can In general be neglected . Eq. (A.l6) therefore takes the form

— ~ ~ ~~~ 
+ I n~~))  • (A.20) 

V

~~~ ~. V
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